A one-dimensional mathematical model is presented which describes the acoustic behaviour of thick- show that these corrections are important only for very thick pipes, with, say, a radius/thickness ratio smaller than 2.
Introduction
Water hammer concerns the generation, propagation and reflection of pressure waves in liquid-filled pipe systems. These waves may have very steep fronts when generated by, for example, the closure of lightly damped check valves [1] or the collapse of liquid column separations [2] . Steep-fronted waves are prone to excite the structural system and as a result make individual pipes move. Pipe motion itself generates water hammer, thus invoking fluid-structure interaction.
The numerical simulation of water-hammer events (with and without fluid-structure interaction) is usually based on one-dimensional mathematical models assuming thin-walled cylindrical pipes [3] . The ratio e/R of wall-thickness to pipe-radius is then small with respect to unity, circumferential (hoop) stresses are uniform in the wall cross-section, and radial stresses are neglected. The present paper considers water hammer with axial/radial vibration of thick-walled pipes. The distributions of hoop and radial stresses in the wall are given as quasi-static functions of the internal and external pressures. Cross-sectional averages are taken to arrive at a convenient one-dimensional formulation. The motivation for the research lies in the fact that many pipes in practice have relatively thick walls, for example, high-pressure pipes in chemical and nuclear industries, ductile-iron pipes with concrete lining, and plastic pipes.
The governing equations can be solved exactly in the time and frequency domains. The influence of wall thickness is studied from figures and tables showing wave propagation speeds, natural frequencies and pressure histories. Predictions from thin-and thick-walled theories are compared with experimental data obtained in a relatively thick pipe.
Governing equations for the liquid
Liquid pipe-flow is described by the following two-dimensional equations [4] : 
The pressure p, the axial velocity v z and the radial velocity v r are functions of time t and of the cylindrical coordinates z (axial) and r (radial). The circumferential co-ordinate (φ) is omitted because of axial symmetry.
Although the liquid density ρ f is taken constant, the liquid compressibility (elasticity) is present in the first term of the continuity equation (1) [5] .
To arrive at a one-dimensional formulation, in accordance with classical water-hammer theory, the equations (1) and (2) are multiplied by 2πr, integrated with respect to r from 0 to R, the inner radius of the pipe, and divided by A f = πR
. The result is:
Continuity equation (1D)
Equation of motion in axial direction (1D)
in which 2 0
are the cross-sectionally averaged axial velocity and pressure, respectively. The first integral in Eqs (6) is the flow rate (discharge), the second the axial force due to pressure.
The radial equation of motion (3) is multiplied by 2πr 2 , integrated with respect to r from 0 to R, and divided by 2πR 2 . The result is:
In deriving this equation it has been assumed that r r r = R r v = R v | , which is in accordance with the continuity equation (1) 
Governing equations for the pipe
Pipe motion is described by the following two-dimensional equations [4] ; see Figs 1 and 2 for definition sketches:
with z u ɺ and r u ɺ the axial and radial pipe velocities, σ z and σ r the axial and radial stresses, σ φ the hoop stress, and ρ t the mass density of the wall material. The thickness of the pipe wall is denoted by e. Gravity, To arrive at a one-dimensional formulation, the equations (8) and (9) are multiplied by 2πr, integrated with respect to r from R to R+e, and divided by A t = 2π(R+ (12) is the "flow rate" in axial pipe movement, the third is the axial force in the pipe wall. The fourth integral is the hoop force in the pipe wall per unit area of (axial)
wall surface.
The equations of motion relate axial velocities to axial stresses (Eq. 10), and radial velocities to radial and hoop stresses (Eq. 11). Stress-velocity relations will complete the mathematical model. Stress-strain relations are provided by the generalised Hooke's law. For a three-dimensional isotropic solid the normal strains ε z , ε ϕ and ε r depend linearly on the normal stresses σ z , σ φ and σ r :
which is equivalent with
where E is Young's modulus of elasticity and v is Poisson's ratio.
The strain-displacement (ε-u) relations are:
The axial stress σ z is expressed in displacements after substitution of Eq. (15) in the first of Eqs (14):
Differentiation with respect to t, multiplication by 2πr, integration with respect to r from R to R+e, and division by A t = 2π(R+ 1 2 e)e leads to:
Equation (16) is basic for a full 2D analysis, but Eq. (17) is not appropriate for the present 1D investigation as will be explained in Section 3. An alternative equation is found by substituting the axial strain from Eq.
(15) in the first of Eqs (13), yielding
and, applying the transformation between Eqs (16) and (17),
in which 
Liquid-pipe coupling
The liquid and pipe equations are coupled by means of boundary conditions representing the contact between liquid and pipe wall on the interface at r = R. Outside the pipe a constant pressure, P out , is assumed to exist. The interface conditions are
where (v r ) out is the radial velocity of the external fluid. Buried pipes are not considered herein.
The dynamic conditions (21) give the fluid pressures acting on the pipe wall. The kinematic conditions (22) prescribe the adherence of solid and fluid. Except for its constant pressure, P out , the fluid outside the pipe is not modelled, so that (v r ) out is not known. For this reason, and because the liquid inside the pipe will not be modelled two-dimensionally, the relations (22) The conditions (21) are substituted in the equation of radial pipe motion (11) . The condition (22) , at r = R, is substituted in the liquid equations (4) and (7). After the substitutions and a rearrangement of terms, eight basic equations remain for the eight variables P, V, σ z , z u ɺ , σ ϕ , u r , σ r and r = R p | . The eight equations stem from, successively, the relations (5), (4), (10), (19) , (7), (11), and the second and third equations in (13) and (15) . In summary:
Liquid, axial motion
Pipe, axial motion 1 0
Liquid, radial motion
Pipe, radial motion
Substitution of expression (27) in equation (28) gives 
Equation of motion in radial direction
Substitution of expression (29) in equation (24) gives:
Continuity equation
FSI four-equation model for thick-walled pipes
For long wavelengths (long compared to the radius of the pipe), accelerations in radial direction are negligible, so that the radial inertia terms in Eq. (31) can be left out [8, [10] [11] [12] [13] [14] [15] [16] . Local effects near sharp wave fronts [17] are also neglected in the long-wave approximation. A quasi-static relation between the hoop stress and the internal pressure is the result,
Neglecting radial liquid inertia means that p equals P; the pressure is uniform in each cross section of the pipe.
Equation (33) is confirmed in Appendix A, Eq. (54), where the quasi-static stress distribution in a pressurised ring is given. Furthermore, from the Eqs (57) and (53), it follows that,
Equation (34) 
Pipe, axial
This is the thick-wall FSI four-equation model. If the usual thin-wall assumption is made, in which e / R is neglected with respect to unity, the four-equation model of Skalak [10] remains.
Wave propagation speeds
The four eigenvalues λ of the hyperbolic system of partial differential equations ( 
This leads to modified (because of FSI) squared wave speeds which are the squares of the conventional pressure wave speed in circular tunnels [3, 18, 19] and the bar velocity, respectively.
It appears that the coupled pressure and stress waves travel without dispersion. Gromeka [21] , Lamb [22] , Skalak [10] and Lin and Morgan [11, 12] analysed this problem in the frequency domain, and Bürmann [23] , Stuckenbruck et al. [24] and Leslie and Tijsseling [25] in the time domain. References [26] and [27] give extensive reviews of the subject.
Exact solutions
The FSI four-equation model (36, 37, 38, 39) can be solved exactly in the time [28, 29] and frequency [30, 31, 32] domains. Some results are presented for the Dundee water-filled steel pipe [33, 34, 35] with data given in Table 1 Table 2b . Natural frequencies (in Hz) of axial vibration of closed water-filled steel pipe with free closed ends. Calculations with lumped end masses.
The wave speeds calculated from Eqs (42) are shown in Fig. 3 as a function of e/R. The pressure wave speed λ 1 in Fig. 3(a) increases, from zero at e/R = 0 to the tunnel velocity of 1452 m/s (Eq. 45) at e/R = ∞, because the pipe hoop stiffness increases with e/R. The stress wave speed λ 3 in Fig. 3(b) decreases, from the plate velocity of 4793 m/s (Eq. 44) at e/R = 0 to the bar velocity of 4587 m/s (Eq. 45) at e/R = ∞, because the wall thickness increases. Thick-wall theory predicts lower pressure wave speeds, because of additional mass of the pipe wall, and higher stress wave speeds, because of a stiffer wall. The differences between thick-wall theory (thick solid lines) and thin-wall theory (where e/R terms are neglected with respect to unity) (thin broken lines) are less than 1.5 % for the pressure wave speed and less than 0.05 % for the stress wave speed, over the whole e/R range. These small differences return in the calculated natural frequencies listed in Table   2 , where the lower pressure wave speeds predicted by thick-wall theory lead to lower frequencies, even for the "structural" frequencies measured at 485 Hz The time-domain results, obtained without including the lumped end masses, and shown in Fig. 4 , confirm the observations above. Thick-wall theory predicts a slightly slower transient, which slowly departs from the thin-wall result, in phase and amplitude, as time increases. The inclusion of the end masses, of friction and damping mechanisms [36] , and of a non-instantaneous excitation, will give more realistic computational results, but exact solutions like those in Fig. 4 cannot be obtained. (13), and ignoring the (usually) unknown axial stresses z σ , one obtains:
where P and out P are the internal and external pressure, respectively. The thick-wall equation (46) 
Conclusion
A rigorous derivation of one-dimensional equations describing fluid-structure interaction mechanisms in the axial/radial vibration of liquid-filled pipes has been presented, thereby taking the thickness of the pipe wall into account through the averaging of hoop and radial stresses. FSI coupled wave speeds have been formulated and investigated. It has been shown, for one example concerning a water-filled steel pipe, that the thin-wall assumption is valid for fairly thick pipes. Liquid frictional and structural damping effects are usually small and have been neglected herein, but these could be included in the analysis [4, 5, 31, 36] .
Appendix A

Two-dimensional stress distribution in a pressurised ring
In the present investigation the radial inertia forces in both liquid and pipe wall are neglected. For the liquid this means that the pressure is uniform in each pipe cross-section, whereas for the pipe a quasi-static stress distribution across the thickness of the pipe wall is assumed. This particular stress distribution, given in [20, pp. 68-71] and attributed to Lamé [37] , is integrated here over the pipe wall cross-section.
Consider the two-dimensional axially symmetric stress problem of a circular ring subjected to an internal pressure P and an external pressure P out . The ring, shown in 
The stress solutions σ φ and σ r are independent of Poisson's ratio v, so that they are valid for both (axial) plane stress and (axial) plane strain situations. The sum σ φ + σ r is equal to 4C and therefore independent of r. 
